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Abstract
The low-energy charge excitations of a doped antiferromagnetic ladder are modeled by a
system of interacting spinless fermions that live on the same ladder. A relatively large spin
gap is assumed to “freeze out” all spin fluctuations. We find that the formation of rung
hole pairs coincides with the opening of a single-particle gap for charge excitations along
chains and with the absence of coherent tunneling in between chains. We also find that
such hole pairs condense into either a crystalline or superconducting state as a function of
the binding energy.
PACS Indices: 74.20.Mn, 75.10.Jm, 74.72.Jt, 74.25.Fy
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One of the strangest features of high-temperature superconductors is the semicon-
ducting nature of electric transport perpendicular to the copper-oxygen planes common to
these materials shown in the normal state.1 Anderson and co-workers have proposed that
this behavior is intrinsic, and that it results from the microscopic coincidence of Cooper
pairing with incoherent tunneling in between adjacent metallic planes.2 Analogous behav-
ior has been observed recently in the doped “ladder” materials.3 In particular, a large
anisotropy in the electronic conduction with respect to the ladder direction appears4 at
compositions that exhibit superconductivity.5,6 The authors of ref. 4 suggest that the
chain version of the above inter-layer pair/tunneling (IPT) mechanism is responsible for
the phenomenon.7,8
Such “ladder” materials are made up of a parallel arrangement of magnetically isolated
antiferromagnetic ladders that fill copper-oxygen planes similar to those of the cuprate su-
perconductors. They notably show a spin gap on the order of ∆spin ∼ 500K when undoped,
in accord with theoretical expectations based on the spin-1/2 antiferromagnetic Heisenberg
ladder.3 The actual ladders in these materials can also be doped with a concentration x of
mobile holes,9 in which case the spin gap persists. Again, theoretical studies of the t− J
model for a lightly doped ladder, tx < J , find evidence for the formation of hole pairs
along rungs that leave the remaining singlet bonds along the rungs intact.10 The spin gap
persists, as a result, and charge excitations are left as the only low-energy excitations.
In this paper, we shall model the low-energy singlet charge excitations of a doped
antiferromagnetic ladder by interacting spinless fermions that live on the same ladder in
the vicinity of half filling.11 We presume, therefore, that spin excitations are frozen out
due to a relatively large spin gap of order ∆spin ∼ J/2. A bosonization analysis based on
the corresponding Luther-Emery model,12−15 and generalizations thereof,16,17 yields that
the appearance of hole pairs along rungs coincides with the absence of coherent tunneling
in between chains, as well as with the creation of a gap for single-particle excitations along
chains. Also, while the hole pairs generally crystallize into a charge density-wave (CDW)
state in the weak-coupling limit,3 we predict that they Bose condense into an IPT-type
superconductor at large enough binding energies (see Fig. 1). Last, the correlations in
between pairs that form along the chains are found to be short range when hole pairing
along rungs occurs.
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To motivate the spinless fermion analysis that will follow, consider first the standard
nearest-neighbor t− J model Hamiltonian
H =
∑
〈i,j〉
[−t(c˜
†
i,sc˜j,s + h.c.) + J
~Si · ~Sj ] (1)
for a doped antiferromagnetic ladder. Above, c˜
†
i,s creates a spin s electron on site i as
long as this site is unoccupied, while ~Si measures the spin at site i. At half-filling, the
t − J model (1) reduces to the Heisenberg ladder, which is known to have a spin gap
∆spin ∼= J/2.
3 The latter persists in the presence of a dilute hole concentration, tx < J .10
In general, long wavelength electronic excitations within chains can be described via the
standard Luther-Emery (LE) model.12−15 The spin gap present in lightly doped t − J
ladders indicates then that the intra-chain LE backscattering term has the form
Hback ∼ −(∆spin/a)
2∑
l=1
∫
dx cos[φ↑(x, l)− φ↓(x, l)] (2)
where φs(x, l) is the bosonic field that represents collective particle-hole excitations of spin
s electrons at position x = i · a along chain l of the ladder.18 Yet long-wavelength charge
excitations have a typical energy scale on the order of the kinetic energy, ∆charge ∼ tx,
which is small in comparison to the spin gap, ∆spin, in the low doping limit tx ≪ J . We
may therefore take ∆spin → ∞ in this limit. The bosonic spin degrees of freedom are
frozen in such case: φ↑ = φ = φ↓. The remaining (bosonic) charge degree of freedom
φ(x, l) must then correspond to an effective spinless fermion on each chain. This idea is
developed below.
In general, the Hamiltonian for a system of N consecutively coupled chains of spinless
fermions8 can be divided into parallel and perpendicular parts, H = H‖ +H⊥, where
H‖ =
N∑
l=1
∑
i
[−t‖(f
†
i,lfi+1,l + h.c.) + V‖ni,lni+1,l] (3)
and
H⊥ =
N∑
l=1
∑
i
[−t⊥(e
iΦ/Nf
†
i,lfi,l+1 + h.c.) + U⊥ni,lni,l+1+
+ V⊥(ni,lni+1,l+1 + ni,l+1ni+1,l)] (4)
3
describe respectively the quantum mechanics within and in between chains. Here, fi,l
denotes the annihilation operator for the spinless fermion on the ith site of chain l, with
occupation number ni,l = f
†
i,lfi,l. Also, t‖ and t⊥ are the nearest-neighbor hopping matrix
elements, while V‖, U⊥ and V⊥ are the model interaction energies. In the case of open
perpendicular boundary conditions, we shall set fi,N+1 = 0 = f
†
i,N+1. On the other hand,
the identifications fi,N+1 = fi,1 and f
†
i,N+1 = f
†
i,1 produce periodic boundary conditions,
in which case Φ denotes the magnetic flux along the parallel direction. Consider now the
simple ladder, with N = 2 chains and open perpendicular boundary conditions (Φ = 0).
Since low-energy spin excitations are frozen out due to the formation of singlet bonds along
the rungs,3 it is natural to identify the true electron field ci,l,s with the spinless fermion
field following fi,1 = ci,1,s(i) and fi,2 = ci,2,−s(i), where s(i) represents the antiferromag-
netic spin configuration on a given chain. After some algebraic manipulations, it can be
shown that the above spinless-fermion Hamiltonian takes the form of an extended Hubbard
model14 in transverse magnetic field:
H =
∑
i
[
− t‖
2∑
l=1
(f
†
i,lfi+1,l + h.c.)− t⊥(f
†
i,1fi,2 + h.c.)+
+ (U⊥ + 2V⊥)ni,1ni,2 −
1
2
V (ni+1 − ni)
2 −
1
4
V ′(mi+1 −mi)
2
]
, (5)
where ni = ni,1+ni,2 and mi = ni,2−ni,1, and where V = (V‖+V⊥)/2 and V
′ = V‖−V⊥.
It is important to remark that the interaction terms in this ladder model are invariant
with respect to SU(2) rotations of the chain labels if V‖ = V⊥.
We now rotate to the bonding-antibonding basis, fi,± = 2
−1/2(fi,2 ± fi,1), that di-
agonalizes the transverse kinetic energy (5). In the limit near (but not at) half-filling, all
umklapp processes are negligible. Taking the continuum limit of the ladder model (5) a` la
Kogut and Susskind14 then yields the Luttinger model H = H ′‖ +H
′
⊥, where
H ′‖ =
∑
n
∫
dx
[
2t‖a
(
L†ni∂xLn−R
†
ni∂xRn
)
+4V aL†nR
†
nRnLn−µn(L
†
nLn+R
†
nRn)
]
, (6)
and
H ′⊥ = H
′
⊥,1 +H
′
⊥,2 +H
′
⊥,4 +H
′
⊥,pair
are rotated parallel and perpendicular pieces, with a backscattering term
H ′⊥,1 =
∑
n<n′
∫
dx(U⊥ − 2V‖)a
[
L†nR
†
n′Ln′Rn + h.c.
]
, (7)
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with inter-band forward scattering terms
H ′⊥,2 =
∑
n<n′
∫
dx2(V‖ − V⊥)a
[
L†nR
†
n′Rn′Ln + h.c.
]
, (8)
H ′⊥,4 =
∑
n<n′
∫
dx(U⊥ + 2V⊥)a : (L
†
nLn +R
†
nRn) :: (L
†
n′Ln′ +R
†
n′Rn′) :, (9)
and with an inter-band pseudo-triplet pairing interaction
H ′⊥,pair =
∑
n<n′
∫
dx2(V‖ − V⊥)a
[
L†nR
†
nRn′Ln′ + h.c.
]
. (10)
Here, eikF xRn(x) = L
−1/2
∑
k e
ikxan(k) and e
−ikF xLn(x) = L
−1/2
∑
k e
ikxbn(k) denote
field operators for right and left moving spinless fermions in the bonding or antibonding
band n = +,− for chains of length L, with a Fermi surface at ±kF . Above, the symbols ‘:
:’ represent normal ordering.14 Also, µ± = ±t⊥ are the chemical potentials for each band.
Notice that Eqs. (6)-(10) describe a Luther-Emery model for pseudo spin-1/2 fermions.
Since such fermions experience pseudo spin-charge separation, we have that the coupled
chains factorize following H = Hρ +Hσ, where
Hρ = 2πh¯vρ
∑
q>0
∑
j=R,L
ρj(q)ρj(−q) + gρ
∑
q
ρR(q)ρL(−q) (11)
Hσ = 2πh¯vσ
∑
q>0
∑
j=R,L
σj(q)σj(−q) + gσ
∑
q
σR(q)σL(−q)+
+H ′⊥,1 +H
′
⊥,pair − (2L)
1/2t⊥[σL(0) + σR(0)] (12)
are the respective commuting portions of the Hamiltonian. Here, ρj(q) = 2
−1/2[ρj(q,+)+
ρj(q,−)] and σj(q) = 2
−1/2[ρj(q,+) − ρj(q,−)] are the standard particle-hole operators
for total-charge and pseudo-spin excitations with respect to the bands n = +,−, with
ρR(q, n) = L
−1/2
∑
k a
†
n(q + k)an(k) and ρL(q, n) = L
−1/2
∑
k b
†
n(q + k)bn(k). The Fermi
velocities and interaction strengths for each component are renormalized by the inter-band
forward scattering processes [Eqs. (8) and (9)] to
vρ,σ =a[2t‖ ± (U⊥ + 2V⊥)/2π]/h¯, (13)
gρ,σ =a[4V ± (U⊥ + 2V‖)], (14)
where the +(−) signs above correspond to the ρ(σ) label. We remind the reader that it is
assumed throughout that the system of spinless fermions (5) is near half-filling.
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To proceed further, we first note that the pure Luttinger model (11) for the total-
charge excitations along the ladder corresponds precisely to the (Efetov-Larkin) hard-core
boson model19 for the rung hole pairs that is elaborated ref. 20. The former is characterized
entirely by the Luttinger liquid parameter Kρ = (2πh¯vρ− gρ)
1/2/(2πh¯vρ+ gρ)
1/2 that will
re-appear below. The pseudo-spin piece (12) of the present spinless fermion description
for a doped antiferromagnetic ladder is less trivial, however. Along the SU(2)-invariant
line, V‖ = V⊥, the pairing term H
′
⊥,pair in Eq. (12) is null. Application of the bosonic
representation14,15 for the spinless fermions then reveals that a gap, ∆σ 6= 0, opens in the
spectrum of the pseudo-spin excitations (12) for gσ/a = 2V⊥ − U⊥ > 0 in the absence of
transverse hopping,13 t⊥ = 0. For general inter-chain hopping, t⊥ 6= 0, and interactions,
V‖ 6= V⊥, it is instructive to move along the Luther-Emery “line” gσ = 6πh¯vσ/5, in which
case the spinless fermions that correspond to the pseudo-spin system (12) are governed by
the noninteracting Hamiltonian12
Hσ =h¯v
′
F
∑
k
k(a
†
kak − b
†
kbk)− 2
1/2t⊥
∑
k
(a
†
kak + b
†
kbk)
+ ∆σ
∑
k
(a
†
kbk + h.c.) + ∆
′
σ
∑
k
(a
†
kb
†
−k + h.c.). (15)
Here, the pseudo spin gaps have values ∆σ = (a/α0)[(U⊥−2V‖)/2π] and ∆
′
σ = (a/α0)(V
′/π),
where α−10 is the momentum cutoff of the Luttinger model, while v
′
F =
4
5
vσ. Consider first
the SU(2) invariant line V‖ = V⊥, in which case the gap ∆
′
σ that originates from the
pairing term (10) is null. The spinless fermions corresponding to the pseudo-spin sector
therefore have energy eigenvalues εp = ±(v
′2
F p
2 + ∆2σ)
1/2. If Nn denotes the number of
spinless fermions in band n, then it follows that the band occupations are equal, N+ = N−,
for t⊥ < ∆σ/2
1/2 and that N+ − N− = Lχ0(t
2
⊥ −
1
2∆
2
σ)
1/2 for t⊥ > 2
−1/2∆σ,
21 where
χ0 = 2/πh¯v
′
F is the pseudo-spin susceptibility. Band splitting is therefore absent below a
critical inter-chain hopping matrix element.7 The general case, ∆′σ 6= 0, off of the SU(2)
invariant line can also be analyzed at the Luther-Emery “line” (15). One finds that the
product of all of the energy eigenvalues is Πp>0(v
′2
F p
2 +∆2σ +∆
′2
σ )
2, which never vanishes!
We conclude that the net pseudo spin gap, ∆charge = (∆
2
σ + ∆
′2
σ )
1/2, is therefore robust
with respect to SU(2) symmetry breaking in the spinless fermion model (5).
Yet what is the physical character of the present ladder model at zero temperature?
To answer this question, it is convenient to look again along the line, V‖ = V⊥, in which
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case the SU(2) non-invariant interaction term in the model Hamiltonian (5) is absent. Let
us start by assuming no inter-chain hopping, t⊥ = 0. Then the boundary at U⊥ = 2V that
marks the appearance of the pseudo spin gap ∆σ can be identified with the phase boundary
that exists between the staggered CDW state and the rung (hole-pair) CDW state in the
strong-coupling limit (see Fig. 1 and ref. 22). A self-consistent calculation in terms of the
CDW mean field 〈R
†
nLn〉 yields the approximate formula ∆σ = h¯ω0/sinh(πh¯vσ/gσ) for the
pseudo-spin gap in the hole-pair regime,17 gσ > 0, with prefactor ω0 = vσ/α0. It agrees rea-
sonably well with the previous exact result along the Luther-Emery point. The same exact
analysis indicates that band splitting generally remains absent at small enough inter-chain
hopping amplitudes t⊥ < ∆σ/2
1/2. We now address the initial question posed by comput-
ing the correlation functions at long distances and at long times within this hole-pair regime
(see Table I). Then SU(2) invariance yields the identity 〈f0,l(0)f
†
i,l(t)〉 = 〈f0,n(0)f
†
i,n(t)〉 for
the intra-chain one-particle propagator, where 〈f0,n(0)f
†
i,n(t)〉 = GR(x, t)+GL(x, t) is the
propagator in the bonding/anti-bonding basis (x = ia), with right and left moving compo-
nents GR and GL, respectively. Note that the latter independence of the spinless fermion
propagation with the band index, n, is a result of the equal band occupation, N+ = N−,
present in the hole pair regime, t⊥ < ∆σ/2
1/2. The application of the bosonization method
plus pseudo spin-charge separation yields the forms GR,L = G
(ρ)
R,L ·G
(σ)
R,L for the right and
left propagators, with a Luttinger liquid factor
G
(ρ)
R,L ∼ (x∓ v
′
ρt)
−1/2[2πα0/(x
2 − v′2ρ t
2)1/2]αρ (16)
due to excitations of the total charge,14 and with pseudo-spin factor23
G
(σ)
R,L ∼ (x∓ vσt)
−1/2e−(∆σ/h¯vσ)(x
2−v2σt
2)1/2 . (17)
The exponent and velocity that appear in expression (16) have the forms αρ = sinh
2ψρ and
v′ρ = vρsech 2ψρ, respectively, with the hyperbolic angle ψρ set by the relation tanh 2ψρ =
−gρ/2πh¯vρ. A gap, ∆charge = ∆σ, therefore exists for one-particle charge excitations along
chains. The inter-chain single-particle propagator, on the other hand, is by definition
〈f0,1(0)f
†
i,2(t)〉 =
1
2 [〈f0,+(0)f
†
i,+(t)〉 − 〈f0,−(0)f
†
i,−(t)〉]. Again, the band occupations N+
and N− are equal for t⊥ < ∆σ/2
1/2, which implies that 〈f0,1(0)f
†
i,2(t)〉 vanishes at long
times and at long distances in such case. In other words, we find that coherent single-
particle tunneling of charge in between chains is entirely suppressed in the hole-pair regime.
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Notice that this is consistent with renormalization group calculations that find inter-chain
hopping to be an irrelevant perturbation for Luttinger liquids with a pseudo gap in the
density of states:24 N(ω) ∝ |ω|α, with exponent α > 1.
A similar analysis can be employed to obtain the static auto-correlators for various
CDW and pair order parameters at long distance. These results are compiled in Table I.
The intra-chain CDW correlator, for example, has the form12−15 〈L
†
l (0)Rl(0)R
†
l (x)Ll(x)〉 ∼
cos(2kFx)(α0/x)
Kρ . It coincides with the form obtained for the density-density correlator
of the hard-core boson model20 for the rung-hole pairs,19 bi = fi,1fi,2. On the other hand,
both inter-chain CDW order and chain-hole-pair autocorrelations are short-range in the
rung-hole-pair regimes, with a unique correlation length ξσ = h¯vσ/2∆σ. Finally, the static
autocorrelator for rung-hole pairs has the asymptotic form 〈L1(0)R2(0)R
†
2(x)L
†
1(x)〉 ∼
(α0/x)
K−1ρ . This form also coincides with that obtained from the previously cited hard-
core boson model for the propagation, 〈bib
†
j 〉, of rung-hole pairs. In conclusion, the phase-
boundary separating dominant rung-CDW correlations from dominant rung-pair autocor-
relations is evidently determined by the condition Kρ = 1 (see Table I). Given the absence
of coherent tunneling that characterizes the rung-hole-pair regime in general, we interpret
the latter phase (Kρ > 1) as an IPT-type superconductor (see Fig. 1).
To address the question of the transverse conductivity of the ladder model (5), we
shall now compute the transverse charge stiffness of the triangular three-leg ladder.8 In
particular, consider the corresponding spinless fermion model [Eqs. (3) and (4), N = 3]
with a magnetic flux Φ threading each triangle formed by the rungs. Then along the line
V‖ = V⊥, the interaction terms of this model Hamiltonian are invariant with respect to
SU(3) rotations of the chain labels. After making algebraic manipulations similar to those
employed to achieve the form (5) for the simple ladder, we obtain the form
H =
∑
i
[
− t‖
3∑
l=1
(f
†
i,lfi+1,l + h.c.)− t⊥
3∑
l=1
(eiΦ/3f
†
i,lfi,l+1 + h.c.)+
+ (U⊥ + 2V )
3∑
l=1
ni,lni,l+1 −
1
2
V (ni+1 − ni)
2
]
(18)
for the triangular ladder model Hamiltonian, where ni =
∑3
l=1 ni,l is the manifestly
SU(3) invariant number operator. After rotating to the basis fi,0 = 3
−1/2
∑3
l=1 fi,l and
fi,± = 3
−1/2
∑3
l=1 e
±i2pil/3fi,l that diagonalizes the transverse kinetic energy, we obtain the
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previous Luttinger model [Eqs. (6), (7) and (9)], but with the band index summed over the
new basis n = 0,+,−. The new chemical potentials for each band are µ0 = 2t⊥cos(Φ/3)
and µ± = 2t⊥cos[(Φ ± 2π)/3]. Now consider the special line U⊥ = −2V , along which
the inter-band forward scattering interaction (9) vanishes. What remains is a generalized
backscattering model with three internal quantum numbers.16 A mean-field analysis of this
model17 finds that long-range CDW order of the type 〈R
†
nLn〉 is stable for effective attrac-
tion between rungs, U⊥ < 0, with a single-particle gap ∆σ ∼= 2h¯ω0 e
−2pit‖/3|U⊥|, and prefac-
tor h¯ω0 ∼ (a/α0)t‖. Hence for small enough inter-chain hopping, t⊥ < ∆σ/2, the chemical
potential of each band lies within the gap, which means that the transverse charge stiffness,
∂2E0/∂Φ
2|0, is null. In addition, since the band occupations, N0 and N±, are all equal for
t⊥ < ∆σ/2, the single-particle intra-band amplitudes 〈f0,n(0)f
†
i,n(t)〉 are then all equal.
The inter-chain single-particle amplitude 〈f0,l(0)f
†
i,l+1(t)〉 =
1
3
∑
n e
i2pin/3〈f0,n(0)f
†
i,n(t)〉
must therefore vanish as well, in agreement with the previous case of the simple ladder.
On the basis of this mean-field analysis,17 we conclude that the present ladder model allows
no coherent transport whatsoever in between chains in the (rung) hole-pair regime.
Let us now apply the spinless fermion model (5) to doped antiferromagnetic ladders
by first drawing a comparison with the corresponding t− J model.10 In the limit ∆spin →
∞ that is assumed throughout due to the relatively small energy scale, tx, for charge
excitations, triplet excitations are forbidden. This means that the only possible charge
carriers are hole pairs aligned parallel to the either the rungs or to the chains of the ladder
(see Fig. 2). The spinless fermion system (5) describes the motion of these objects. Since
rung hole pairs are responsible for coherent charge transport along the ladder, we have
t‖ = t. In other words, the hopping of the spinless fermion along chains accounts for the
effective tunneling of rung hole pairs between rungs. Yet what is the value of the inter-
chain model parameter t⊥? First, observe that the rotation of a rung hole pair into a chain
hole pair is a two-stage process. As depicted in Fig. 2, the initial and final singlet pair
states (S = 0) pass through an intermediate triplet pair state (S = 1) that is the lowest
energy spin-excitation of the system.3,20 Second order perturbation theory then yields the
matrix element t× = t‖t⊥/∆spin for the rotation of a rung hole pair into a chain hole pair,
and vice-versa. Yet since such 90◦ rotations represent the low-energy single-particle charge
excitations of the ladder, we have the identity t× = ∆charge. This yields the expression
9
t⊥ = (∆spin/t‖)∆charge for the effective inter-chain hopping matrix element. Yet since
t‖ = t and ∆spin < J/2, we obtain the desired inequality
t⊥ < ∆charge/2 (19)
for J < t. This indicates that the simple t − J ladder is indeed consistently within the
rung-hole pair regime per the spinless fermion description (5). Note also that (19) implies
that coherent motion (11) of rung-hole pairs represents the only gapless charge excitation
of the t−J ladder. This is consistent with exact diagonalization results25 that find a single-
particle gap ∆charge of order
3
2 tx (the energy to add an electron).
20 The latter energy scale
is small in comparison to the spin gap at low doping, tx ≪ J , which justifies use of the
spinless fermion model (5).
The remaining effective interaction parameters of the spinless fermion model (5) will
be considered to be phenomenological. For simplicity, let us move along the SU(2) in-
variant line V‖ = V⊥ > 0. We then notably predict a phase transition in between a
rung-CDW state and an IPT-type superconductor at Kρ = 1 (see Fig. 1). Comparison
of the corresponding correlation exponents shown in Table I with those obtained from a
density-matrix renormalization group analysis of the t − J ladder26 indicate that such a
doped antiferromagnet is in the vicinity of this superconductor-insulator transition; i.e.,
Kρ ∼ 1. On this basis, we conclude that coherent single particle tunneling in between
chains is absent in a lightly doped antiferromagnetic ladder, since ∆σ 6= 0 by Eq. (19).
This does not exclude the possibility of (coherent) Josephson tunneling of hole pairs in
between adjacent ladders, however. To address this issue, consider two neighboring doped
ladders. Let us also suppose that adjacent ladders are shifted with respect to each other
by half a lattice constant, which is in fact the case for real ladder systems that exhibit
superconductivity.3,5,6 The dynamics of the rung-hole pairs, bi = fi,1fi,2, is then equiva-
lent to that of coupled spin-12 XXZ chains in magnetic field.
19,20 The frustrating nature
of the “zig-zag” (Josephson) coupling in between chains3 effectively reduces this system
to isolated XXZ chains, each with a renormalized intra-chain (Josephson) coupling.27 We
thus recover the previous superconductor/CDW transition, but with Kρ now dependent
on the inter-chain Josephson coupling as well.
Concerning the experimental situation, the incoherent tunneling that is characteristic
of the rung-CDW phase could explain the large conduction anisotropy seen in the normal
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state of antiferromagnetic ladder materials.4,9,28 In addition, if such a rung-CDW state
were to be pinned, then all components of the resistivity tensor would exhibit insulating
behavior in the low-temperature limit. This is indeed observed experimentally.4 It must
be pointed out, however, that whether or not the low-temperature conductivity in doped
antiferromagnetic ladder materials is intrinsic remains to be determined (see refs. 4, 9 and
28). If, on the other hand, the rung-CDW state would depin at some elevated tempera-
ture, then the generic Drude response characteristic of the present ladder model (5) would
yield metallic behavior in the longitudinal resistivity. The latter is also observed in antifer-
romagnetic ladder materials at relatively high temperatures.4,28 Last, such materials are
observed to go superconducting under extreme presure.5 A transition under pressure from
a rung-CDW state to an IPT superconductor due to a strong dependence in the binding
energy,10 −U⊥ ∼ J , of the rung-hole pairs with the lattice constants, for example, could
account for this phenomenon. Very recently, however, the observation of high-temperature
superconductivity in doped antiferromagnetic ladder materials at ambient pressure has
been reported.6 The above discussion suggests that this system could transit into a rung-
CDW groundstate, on the contrary, by appropriate variations in the doping levels, or by
varying other parameters like the pressure.
This work was supported in part by National Science Foundation grant No. DMR-
9322427. The author thanks G. Gomez-Santos, A. Leggett, D. Poilblanc, P. Sacramento,
and V. Vieira for discussions.
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TABLE I. Listed is the correlation exponent η obtained via the bosonization technique for
various order parameters, O(x), in the doped spin ladder model (5); i.e., 〈O(x)O†(0)〉 ∝
(α/x)η. The SU(2) - invariant case is assumed (see ref. 15). Below, the value η = ∞
indicates short-range order, while Kρ = (2πh¯vρ − gρ)
1/2/(2πh¯vρ + gρ)
1/2.
Order Order Parameter η (Staggered CDW) η (Rung Hole Pairs)
CDW, ‖ R
†
l Ll Kρ + 1 Kρ
Pair, ‖ RlLl K
−1
ρ + 1 ∞
CDW, ⊥ R
†
1L2 Kρ + 1 ∞
Pair, ⊥ R1L2 K
−1
ρ + 1 K
−1
ρ
CDW2 R
†
1R
†
2L2L1 4Kρ 4Kρ
Pair2 R1R2L2L1 4K
−1
ρ 4K
−1
ρ
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Figure Captions
FIGURE 1. The phase diagram of the SU(2) - invariant model (5) for the charge excitations
of a doped antiferromagnetic ladder is displayed in the regime of effective repulsion within
each chain, V‖ = V⊥ > 0, and in the absence of hopping in between chains. The rung
hole-pair regime (∆σ > 0) is, nevertheless, expected to persist for small enough inter-chain
hopping matrix elements t⊥
<
∼ ∆σ/2. In such case, the line separating dominant CDW
correlations from superconducting ones among the rung-hole pairs is determined by the
condition Kρ = 1.
FIGURE 2. A diagrammatic representation is given for the second-order matrix element
(t×) that connects rung and chain hole pairs. The spin gap (∆spin) is presumed to be large
in comparison to any difference in the binding energy (εpair) between rung and chain hole
pairs.
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